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Simultaneous Deployment of a Cable
from Two Moving Platforms

S. Djerassi* and H. Bamberger'
RAFAEL, Ministry of Defense, Haifa 31021, Israel

The deployment of a cable from two moving platforms is examined. The cable is regarded as a collection of
links whose number increases with time. An order-r algorithm is constructed for the simulation of the motion
of the cable during deployment, incorporating a novel, three-pass procedure for the identification of constraint
forces appearing in the equations of motion and a procedure for the release of the cable from both platforms.
The algorithm is described, and the use of the associated simulation program is illustrated by means of an

example.

Introduction and Model Description

ABLE-CONNECTED vehicles are of increasing interest in

space, marine, and airborne applications. Analyses of teth-
ered satellites,! > cable-controlled submarines.*’ and towed air-
borne vehicles®? demonstrate this interest. One version of the cable
deploymentproblem refers to a system S consisting of two moving
platforms P and C, releasing a cable from points P and C of con-
tainers Vp and V¢ fixed to P and C, respectively,as shown in Fig. 1.
Such a model is of interest, for example, in connection with systems
described in Refs. 10-12. The cable in these references comprises
an optical fiber deployed passively, i.e., without active control of
tension or of deployment rate. Now, cables are usually deployed
from one platform, even if they connect two platforms.'® However,
if an optical fiber is released from one platform, say P in Fig. 1, then
motions of the second platform C, e.g., away from P, may induce a
high tensile force on the fiber due to aerodynamic drag. Premature
failure of even a relatively short fiber (a few kilometers) is likely to
occur. Deployment from both platforms keeps the cable essentially
floating, so that the tension remains within acceptable limits.

Two basic approaches are used in Refs. 1-9 to model cables an-
alytically. One approach regards the cable as a continuum and de-
scribes elastic deformation with the aid of modal functions.'~* A
second approach regards the cable as consisting of relatively short
links arrangedin a chain topology,connectedto each other by means
of revolute joints,>~° and elastic deformations are described as rel-
ative rotations of the links with respect to one another. References
1, 3, and 4, using the first approach, and Refs. 5 and 6, using the
second approach, consider deploymentor retractionof a cable from
one platform, whereas Refs. 2 and 7-9 deal with constant-length
cables.

A method suitable for the simulation of motions of systems de-
ploying a cable from two platforms has to allow the cable to assume
an arbitrary configuration, e.g., loop shape or shapes involving lo-
cal, small radii of curvature. The continuum approach falls short
of this requirement, as only cable configurations deviating slightly
from the respective undeformed configurations are allowed. This is
also the case if the approach of Ref. 4 is taken. There, a cable is
assumed to consist of a relatively small, predetermined number of
sections of variable length, each regarded as elastic, and is treated
as in Refs. 1 and 3. Furthermore, the method used in Refs. 1 and 3
to accommodate changes in the cable length is based on a change
in the modal functions. In the presentcontext (passive deployment),
this method does not enable the determination of the length of the
cable deployed from each of the platforms.
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Thus, one has to resort to the second approach, where cables are
regarded as dynamical systems with a chain topology. Such a model
was dealt with by numerous researchers. Taking advantage of the
special properties of systems consisting of chain connected bodies,
these researchers established specific formulations for the genera-
tion of equations governing the motions of such systems.'*!* Fur-
thermore, the fact that recursive algorithms can be applied to such a
topology attracted attention, ultimately leading to the development
of extremely efficient algorithms, often called order-n algorithms.
(The number of operations required by these algorithms in the con-
text of numerical solutions of the associated equations is propor-
tional to n, the number of degrees of freedom. By way of contrast,
the number of operations required by algorithms associated with
an arbitrary topology is proportional to n3.) For instance, Rosen-
thal’s order-n algorithm for a chain topology multibody system'?
was used by Banerjee5 to simulate motions of a cable (or a beam)
deployed from or retracted into a platform having a prescribed mo-
tion, so that n becomes a function of time. Revisions are required
in this algorithm if the motion of the endpoint of the cable is pre-
scribed,as when the cableis connectedto a second moving platform.
The force exerted by the latter on the cable endpoint must be de-
termined before the motion variables can be evaluated. This state
of affairs is dealt with in Ref. 6. Constraint equations containing
nonlinear functions of measure numbers of the indicated force are
formed (these nonlinearitiesresult from the control forces governing
the deployment/fretraction) and solved iteratively for the latter. The
number of links is assumed to be constant;however, the length of the
links is time dependent,enabling deployment (or retraction). Again,
this approach is not suitable when deployment proceeds from two
platforms, as it is impossible to determine the length of the cable
deployed from each of the platforms.

This paper presents a new method that deals with each of the
issues just mentioned. First, the model in Fig. 1 is described in
detail. The masses of the platforms are assumed to significantly
exceed that of the cable, so that their motion is not affected by
the deployment process. Furthermore, P and C are regarded as
moving along predetermined trajectories 7P and TC, respectively,
with known velocities v" and v¢. The cable is represented by a
chain of N () rigid links Cyy, ..., Cys, where N1(¢) and N2(¢) are
the numbers of the first active link and the last active link, so that
N(t) = N2(t) — N1(t) + 1. The endpoints of C,, the nth link, are
denoted P, and P,, and C, is assumed to be of length L,, and of mass
oL, lumpedat P,(n = N1, ..., N2).Point P, is connectedto point
P, _, by means of two revolute joints. Accordingly, the configura-
tion of the cable is determined by gy1, ..., N2 and Guy, - . ., Gn2,
2N angles describingthe orientationof Cyy, ..., Cys in n, a New-
tonian reference frame, as shown in Fig. 2a for C,,. In addition, S is
subject to the following configuration constraints, namely, that Py,
moves along TP, whereas Py, is attached to C at all times.

The motion of the cable is described with the aid of gy, .. ., gy
and ¢y, ...,qy, and is subject to motion constraints associated
with the indicated configuration constraints. These are
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where v¥¥2 and v"¥! are the velocities of Py, and Py, in n, and
np; (i =1,2) are two unit vectors perpendicularto TP. These, to-
gether with n,, a unit vector tangent to 7P at Py,, form a set of
dextral, mutually perpendicularunit vectors fixed to TP at Py,. The
orientation of this set in n-is determined by 6 and ¢, two angles
described in Fig. 2b. Furthermore, it is assumed that Py, is acted
upon by a force T given by

T = pv’n, 3)

where v is defined as v = (v* — v"¥2) . n,. Finally, the cable is re-
leased passively from P as P moves along TP, whereas release of
the cablefrom C occurs when the tensionin the cable at PNI exceeds
apredeterminedvalue T.Thus, V¢ serves as asafety valve, ensuring
that the tension at Py, does not exceed 7. As will be shown, this
model can be used to investigate a variety of deploymentproblems,
for example, the dependence of the cable tension on external winds
or currents, the design of platform trajectories that prevent interfer-
ence with the cable, or the determination of 7' and of the length of
the cable being deployed from P and from C ina given mission.

“zf a segment of 7R at the
neighbourhood of Py,

b)

Fig.2 Configurations of C,, and TP at Py;.
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Itis the purposeof this paperto constructequationsgoverningmo-
tions of the cable throughoutthe deployment process and to obtain
descriptionssuchas the one in Fig. 3, showing snapshotsof the cable
during a typical deployment, and thatin Fig. 4, showing the associ-
ated tension at C. A novel, recursive, three-pass, order-n algorithm
is constructed, dealing with equation generation, constraint forces
evaluation,constraintssatisfaction,and links release. The algorithm
is described in detail in the next section, and its use is illustrated
by means of an example, resulting in Figs. 3 and 4. A discussionof
additional features of the new algorithm concludes this work.

Algorithm

A. Recursive, Three-Pass Algorithm

Letc;, (i=1,2,3) and n; (i =1, 2, 3) be two sets of three dex-
tral, mutually perpendicular unit vectors fixed in C,, and in n re-
spectively,and let ¢;, be initially aligned with n; (i =1, 2, 3). Then
C, is brought to the orientation shown in Fig. 2a as follows: C,, is
subject to an n, rotation of amount —¢, and then to a ¢, rotation
of amount g,. The velocity v' of P, is given by

Pu

vP = vP ot LGaean + Lucagues,  (n=N1,...,N2) (4)

where vP-1 is the velocity of P,_,; s, = sing,, ¢, = cosq,, and
. = tangq,; and it is implied that, forn = N1, p"¥1-1 = pPnvt =€
[Eq. (2)]. Hence,

aP” = aPn_l - Ln (qﬁ + Cﬁ‘jﬁ)cln + Ln (Qn + Sncn"?ﬁ)CZn

- Ln (2annl'jn - Cn(:jn)c,?n (}’l = Nla LI N2) (5)
and
al" = a’ - (i=1,23 n=Nl1,...,N2) (6)

where a’" is the acceleration of P, in n, aP” (i=1,2,3; n=N1,

, N2) aretherespectivemeasure numbers and where1 1t 1s implied
thata}’/‘“-l =a® =qaC. Moreover,if A, _ I,Aflz) an dA , denote
the —n;, —n,, and —n3; measure numbers of the resultant of forces
exerted on P, by P,_, and if the torques of couples (associated
with elastic and damping properties of the cable) exerted by C, _,
and C, , | on C, are neglected, then

A, it
A® e )

n—1 En

A(3) = An— lfn (8)

n—1
where 5, = sing,, ¢, = cos g,, and 7, = tang,. These equations are
obtained if the sum of the moments about P, of all the forces acting
on C, is set equal to zero. Similarly, A,,, A, %, +1/Cy+1,and A,t, 1
are the measure numbersin the n,, n,, and n; directions of the force
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exerted on P, by P, . Last, D™, the resultant of gravity forces,
aerodynamical forces, hydrodynamical forces, etc., assumed to be
exerted on C, at P,, can be expressed as

D" =D["n, + D"n, + D" n, (n=N1,...,N2) (9)

where DP” (i = 1,2, 3) are the respective measure numbers. With

Kins kop, and ks, defined as
kln = _An -1 IOL [

Py

— Ly, (42 +32)

+2L,8,5,G,4, | + D" (n=N1,...,N2) (10

kyy = —A,_11,/é, — pL,(a," " = L,s,G2) + D3"

(n=N1,...,N2) (11)

ka2 = Ay 1y — pLy[al ™" = Loe,5, (42 +G2)

—2L,8,64GuGn ] + D3" (n=N1,...,N2) (12)

the equations governing the motion of C,, in n- are

ki + Ay + OL3 (5,C0din + 5:€040) =0

(m=NI1,...,N2—-1) (13)

kop + Apty 11 /Cor — pLﬁCni].n =0
(n=NI1,...,N2—-1) (14)

ksy + Auty it + pLy (545060 — CaCaln) =0

(m=NI1,...,N2—-1) (15)

obtained with the aid of Fig. 5. These can be solved for A, ¢, and
4., yielding

(klnén + antn + kSnEn)Cn

A, = —— — ——
CpCy +tn+lsn/cn+l +sncntn+l
(n=N1,...,N2—1) (16)
.. kn +Antn _n
G, = K F A1 /G (n=N1,....N2—1) (17)
pLicn
_ k3n + AnEn+l + pLﬁsnEnqn
an = pL2c,c,
(n=N1,...,N2—1) (18)

Now, Egs. (16-18) are not valid for n = N2 (qyy4, and gyo4 1
do not exist). Moreover, Py, is acted upon by a known force T [see
Eq. (3)] and, in addition, by an unknown force exerted by 7P on Py,
whose measure numbers in the n,,; and n,, directions are denoted
F| and F,. Hence, for n = N2, Egs. (13-15) are replaced with

kiya + PLi/z(SNzc_quNz + E1\1201\1251\12) + PUZC‘PCQ

— Fis0cp — Fys9 =0 (19)

/Cn»znz

nnll

Fig.5 Free body diagram of the nth link.

kana — pL3,CnaGny + pv2s6 + Ficf =0 (20)

ksyo + pLﬁvz(sNZENZi].NZ - CNZENZI;NZ) + PUZS‘PCQ
— Fi5¢s0 + Focp =0 21

where kino (i —1 2,3) are as in Egs. (10 12) for n=N2 and
s@ = sing, cp = cos, s6 = sinf, and ¢ = cos 6. The angles ¢
and 6, appearing in Fig. 2b, can be accurately defined as

N d . d
0= tan~! &« R 0= tan~! d—y cos @ 22)
X

X
d x=pV2-m x=pN%.m

if TP is described by y = f(x) and z = g(x). Equations (19-21)
comprise three equations with four unknowns ¢ ,,, g2, F;, and
F,. An additional equation is obtained in conjunctionwith Eqs. (1),
which must be satisfied throughout the motion, as follows: p*¥2 .
np; (i = 1, 2) are differentiated with respect to time and expressed
as in Eqs. (A8) and (A9) in the Appendix with the aid of n,; and
n, given by

n, = —sfcpn, + cbn, — sOspn;, Ny, = —SQn| + cpns

(23)
(see Fig. 2a). The requisite equations are obtained if the right-hand
sides of Egs. (A8) and (A9) are set equal to zero, namely,

av Ry — vlezé/céap =0 24)

aPN2~n,,2—v1PN2¢/c<p=0 (25)
in agreement with Egs. (1), where a®? is obtained from Egs. (5),
written for n = N2. Now one can solve Egs. (19-21) and (25) [the
role of Eq. (24) will become apparent shortly] for ¢,,, 4,,,, F1, and
F,. With

Xéschzé— CQSNz, Y£C9CN25+SQSN2

-~ Pn2—1 Pn2-1
Z=—a s@ +ay

: cp — leNZ—lC(p(p _ v;’NZ—ls(p(p (26)

—f - =2 —. -
+ LyacnaS (412\;2 + qu) — 2L N2Sn2CGN29 yo
one arrives at the following expressions:

cna(kin2c@C + konotyo + kan2S@C + pLya§Z) 4+ pv*Y

F =
X
(27)
Fy = kinaso — kayacop — pLny Z (28)
B kony + FicO + pv?s0
Gz = 2N2 12 14 (29)
pLyCn2

- pvispch — Fisps + Focp + kg

dn2 = > = — (30)
PLN N2 CN2 F ENatNa G
where

5= sin(p — gn2), ¢ = cos(¢ — gn2) 3D

and where ¢ is given by Eq. (A6). Thus, if Ay, _, is known, then, in
the context of numerical integration, Gy, .- ., Gna, GN1s - - - > GN2»
F|, and F, can be determined with a repeated use of Egs. (10-
12), (16-18), and Eq. (6), for n=N1, ,N2 — 1, along with

Eqs (10-12) and (27-30) for n—N2 prov1ded qn1, .A..,qu,
qNis s QNz, ANts s Ao Gyys oo s Gyos Y v",v¢, anda® (where
afvi-1=q°) are known. In other words, if ANl—l is given, then
gnis---s4n2,9N1s - - -» G N2, Fi,and F, canbe determined with one

pass of the indicated equations. One may conclude that the val-
ues of Gy, ..., qGn2sqdN1s -~ -5 qn2, F1, and F, depend on Ay _ 1,
as yet an unknown quantity. Hence, the following question must
be addressed: What is the value of Ay, _, satisfying Eq. (24)?
[Note that Eq. (25) has been used to construct Egs. (27-30).] A
novel approach to this questlon is based on the following observa-

tion, namely, that gy, ..., Gn2, gN1s - - -5 Gn2, F1, and F, depend
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linearly on Ay, _,. Equations (10-12), (16-18), and (6) indicate
that A, (n = Nl...,N2—1),q',,(n=N1,...,N2—1),and
q,(n = N1, ,N2 — 1) depend linearly on A,_; and hence
onA,_,, A,,_3, ..., etc.; and similar dependence of gy, gy, F1,
and F, on A, _, is indicated by Egs. (10-12) (for n = N2) and
Egs. (27-30). Moreover, v"¥2-n,; and v""-n,, comprise linear
combinationsof Gy, ..., gn2 and Gy, .. ., @ y,. Accordingly, one
can define a function D as

I|>

D d v n,) Zcq,+Zc,q,+E (32)

dt
r=N1 r=N1

where C, (r = N1,...,N2) andC_’ (r = N1, , N2) are func-

tionsof g1, ..., gN2, GN1s - - s qu,andtlrnet andE is a function
of gnis--oy Gn2, dnts -5 Gu2s ANt - - - s QNz,qu,---, q o> and
t; and one can conclude that D is a linear function of gy, ..., Gy
and qnis--->qn2 and hence of Ay, _ . In view of Eq. (24), this

function equals zero, that is,

D=oAy,_1+8=0 (33)
where « is a function of gy, ..., gn2,4dN1,---> N2, and ¢,
andﬁ is a function of gy, ..., N2, GN1s -\ GN2s GNTs - - GN2s

qnis---» 9no» and t. The question regarding Ay, _; can thus be
replaced with the following one: What is the value of Ay, _; satis-
fying Eq. (33)? A three-pass procedure can be used to answer this
question. Accordingly, D is evaluated for two guesses of Ay;_1,
say Ay, _, and A}, _,,ie,

DAy, _ ) =aAy,_, +B (34)

DAY, ) =aAy, _, +B (35)

and, because D = 0 [Eq. (33)],

é_ A;VI—ID(AXII—I) Ax/l—lD(A;Vl—l)

Ay =—
M (AXII—I)_D(ANI—I)

(36)

Consequently, two passes are required to determine A y; _ , and one
additional pass, is required to determine the associated gy, ...,
Gn2, 4Nty -- - Gn2. i, and Fy, provided that gy, (1), ..., gn2 (1),

gni(®)s oy Gua(®), guni(®), ..., gn2(t), and Gy (1), ..., Gy (1)
satisfy Egs. (1).

B. Release of Links from P _

When the distance between Py, and P reaches the value Ly, 1,
say,attime fy, |, then the (N2 + 1)thlink is released. At that time
gn2+1 and gy 4 are introduced, having the values

Gna+1(tya41) = tan™' AZ/AX| = iyy sy 37

Gyra1(tnag 1) = tan™' Ay /(AX® + AZ?)3 (38)
where Ax, Ay, and Az are defined as follows. Let rP and p*M? be

the position vectors of P and of Py, respectively,relative to a point
fixed in n. Then

Ax =P —p™) ny, Ay= @’ —p™) - n,

(39)
Az a (rﬁ PNa) n;

Similarly, gy, +1 and q;,\,2+ | are introduced at ty5 4 ;. For that pur-
pose, consider Py, 4 and Py, |, the endpointsof Cy, , coincid-
ing, respectively, with Py, and P so that

vﬁzv2+1(t > tyain) = pPN2
(40)

vPN2+l(t > tyos1) = pEN2 o (yCN2 41 5 pPN2/PN2

Here, rP2/PN2+1 g the position vector from Py, to Py, ., and
w®V2+1 is the angular velocity of Cy, ., in n, given by

CN2+1

[ = —Sna41qN2+ 101 = G no 41 l2 + Cno 1N 413 (41)

Furthermore, the constraintsdescribedby Egs. (1) are removed from
Py,, and the constraints yF¥2+1 . ny (t > tyay1) = 0(=1,2)
are imposed on Py, , where now n,; (i =1, 2) are perpendicu-
lar to TP at Py, . Dot multiplying Eq. (40) with n,; (i =1, 2)
[see Egs. (23)] throughout, one obtains two equations that, when
solved for Gy, 11 (ty2+1) and Gy, (Ty2 4+ 1), resultin

Prap = P2y = PN =
. v "s0Cy, 11— 0,700 + v 505y, 4
qn2+1(tv2 1) = =

Ly 1(s0sy241 + cOcyz41C)
(42)

Anre1(tnas1)

PN'; Py2 - .
_ s+ vy cp — Lyay1SSna419n2+1(Eva11) (43)

Lysyicn241€

Next, suppose Cy, 41 moves with one endpointattachedto Py, and
anothersliding along TP before fy, ;. . Then bothv?N2+1(1y, | —&)
and vP¥2+1(ty, | | + ), where ¢ is an infinitely small time quantity,
are given by the right-handside of Eq. (40). That s, v/¥2+1 (ty, | +
g) = vPM+i(ty, .| — ¢), and, consequently, v (fy, | + &) =
vty — &) (n = N1,...,N2). It follows that ¢,(fy24+1 +
&) = Gu(tyay1 — &) and g, (tnz41 + &) = q,(tyap1 — &) (n =
N1,..., N2+ 1), and that, therefore, the release of an additional
link from P is free of impulses.'®

Finally, N2 + 1 is renamed N2. This procedure resembles that
used in Ref. 5.

C. Release of Links from C B
Let Ty, _, be the tensionat Py, given by
Ay

CN1CNIL

(44)

Tyi-1 =

IfTy, _, < T,thenthelengthofCNl remains Ly, and vV = vé—}—

a)Nl X LNlclNla or

P,
le

=v¢ - (q;m”z —gnic3nt1) X Lyiciyi (45)
where ¢;y, (i =1, 2, 3) play the role of ¢;, (i =1, 2, 3) in Fig. 2a
forn = N 1. However, when Ty, _ | first exceeds T, then the length
of Cy,, now denoted L, is allowed to increase, while Py, still in

contact with C, is acted upon by a force
I"}SNl =_TL'1N1 (46)

Under these circumstances, Eq. (45) gives way to

Py

4 —qnic3n1) X Lejyy + LclNl (47)

é =
=V —(gyn2
and the acceleration of Py; becomes

P,
aNl

=a - [L(qzzw +szwq;in) - i]clNl
+ [L(ile + SNICNIL??\”) + qulL]CZNl
—[L(25N14N1§N1 —CNléNl) —ZCqu;NlL]QNl (48)
If k51, koni, and ksy, are defined:

klNl _TCNICNI - ,OL[ - LCN15N1(412\/1 +q;,2\,1)

+2LSN1§N14N1§N1 - 2(01\115_1\114;1\/1 + C_lequNl)L

+CNICN1L] + DPNI (49)
kon1 = —TSNl - ,OL( - LSqu12v]
+20N14N1L + SNlL) + DPNI (50)

A~ - - A - . 22
ksyi=—Tcyi5n — PL[a3C — LeniSh (412\/1 + qu)
_2LSNIEquNl§N1 —2(Sn1SN1g N1

—eniénidy) L+ enisni L] + DYV (51)
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then Eqs. (13-15) with n= N1 govern the motion of Cy,, with
L replacing L,. Moreover, Eqs. (16-18) remain valid for n=N1
with L replacing L,. However, L replaces Ay;_; as an unknown,
and the previous linear dependenceof A, (n=N1,..., N2 — 1),
G, (n=N1,...,N2),q,(n=N1,...,N2), Fj,and F; on Ay, _,
is replaced by a linear dependence of these variables on L. Conse-
quently, L replaces A y, _; as theunknownin Eq. (33), and precisely
the same three-pass procedure previously used to identify Ay _;
can be used here to identify L, the respective guesses being L’ and
L"”. Thus,

[=—-== ~ _ (52)

D(L") — D(L")

B L'D(L"y — L"D(L"
o

provided L > 0. When L first becomes negative, say at 7, , Eq. (36)
and the associated procedureregain validity, with L(#; ), now a con-
stant, replacing Ly, .

Release of an additional link from C occurs when L reaches the
value Ly, + Ly -1, say attime fy;— 1. Then gy 1, gni—1, Gni -1,
and g, _, are introduced as follows:

gni-1(ni—1) = qni(tyi-1) (53)
gni-1(tyi—1) = Gni (v - 1) (54)
gni-1(tvi—1) =Gy (tn1-1) (55)
Gni—1(vi—1) = G (txi—1) (56)
Now consider points 151\11 —1and Py, _;, theendpointsof Cy; _, the

former coinciding with C and the latter located a distance Ly, _;
from Py, _; along Cy;. With ®“¥'-! and w“! as the angular ve-
locities of Cy; _; and Cy; in n, one has

pPi- =vé 57
WVt = N = —q;Nlnz + gnican (58)
and

vty ) = yC 4 NIt x Lyi—icin1 + Leiw (59)

Suppose Cy, _; moves with one endpointattached to C and another
lying along Cy; before ty; —;. Then both yPNI-1(ty _ — €) and
vPNI-1(ty 1 + &) are given by the right-hand side of Eq. (59).
Thatis, vPV'=1 (ty; _ 1 +€) = vV'-1(ty; _| —€), and, consequently,
vty &) =vP(ty _1—¢) (n = N1, ..., N2).Itfollows that
Gn(tyi—1t€) = q,(ty1-1—¢e)andq,(ty1 -1 t€) =q,(tn1-1— &)
n= N1-—1, ..., N2)andthat,therefore,therelease of an additional
link from C is free of impulses.!
Finally, N1 — 1 is renamed N 1.

D. Initial Conditions and Simulations
The following initial conditions have been chosen, namely,
N2(0) = N1(0), so that N(0) = 1, and

gn2(0) = tan' (2" — 26)/(x” = x%)], o (60)

x2(0) = tan~ " =¥ [[" = x)ena@]|,_, 6D

where x¢ R y ,and € are the Cartesian coordinates of C and where
it is implied that the distance from P to C equals, at t = 0, Ly,.
Furthermore,

Copn C.pa Cepe
vy SOCy, — vy cOC + vy 505y
L yy (808 yy 4 cOcyoC)

gn2(0) = (62)

vEs@ 4 5 cp — Lya§syagna(0)
LyycyaC

Gn2(0) = (63)

where vl.C (i=1,2,3) are the n; (i =1, 2, 3) measure numbers of
vC. Equations (62) and (63) are obtained if Eq. (4), written for
n = N2(0), is dot multipled by n,; (i =1, 2) [see Egs. (23)], substi-
tuted in Egs. (1), and solved for ¢y, (0) and g y,(0).

Thus, all of the ingredientsrequired to simulate the motion of the
cable are in hand.

4, =0n=N1,...,

Figures 3 and 4 are obtained with a cable of p =2.8 10~* kg/m.
The trajectory TP is given by y=35sin(x7/350) m and z=
7sin(xr/ 350) m, and v} =% =100ru(1 — 1) + 100u(r — 1) m/s
[where u( ) is the unit step function]. The trajectory 7C is given
by x=30(cosa — 1) m, y=30sine m, z=—4f m, and v§ =
30c cosa m/s, where a =0.57tu2—1t) + m1(2—1/2) u(t—2)
rad/s. That part of the cable contained in V¢ is 60 m long. The
deployed cable is subject to gravity, to a back wind of 20 m/s in
the n; direction, and to a side wind of 20 m/s in the n; direction
(the associated aerodynamic model is not reported here but can be
found, e.g., in Ref. 17). Snapshots of the cable at t = 1.2 and 4 s for
T =4N are shownin Fig. 3. The intermittentline and the dotted line
designate TP and TC, respectively. The heavy line and the light line
indicate parts of the cable deployed from V¢, consistingat? =4 s
of 60 1-m-long links, and from Vp, consistingat = 4 s of 50 1-m-
long links and of 62 4-m-long links, respectively [this means that at
t = 4 s the problem becomes one of 2(60 4+ 50 + 62) — 1 = 343
degrees of freedom]. Finally, the stars and the circles indicate the
locations of P and of C, respectively. Figure 4 shows the tension
Tyi—1(= Ayi-1/cyiCn1) at Py, for T=4N (thin line) and for
T = 40N (intermittent line). With T = 40N no links are released
from V., and the cable assumes a configuration similar to that with
T = 4N, except in regions where Ty; | exceeds 4N. Moreover,
with T = 4N, the last of the 60 links of C is deployedatt = 2.8 s,
an event giving rise to an instantaneous increase in the cable ten-
sion. Additional runs show that, in fact, termination of deployment
from V¢ causes the tension at C to reach the value it would have
achieved with no cable deployment from V¢, as when T = 40N.
Figure 4 indicates that if the permissible tensile strength of the ca-
ble is 15N, then no deployment from C and, consequently,no force
controlmechanismare needed. On the other hand, if the permissible
tensile strength of the cable is only 4N, thenone hastoset T = 4N.
Additional runs show that, in this event, the minimal number of 1-
m-long links in V- with which a tensionof 4N will not be exceeded
throughout the motion is 77 (all of which will have been deployed
by t = 4 s). Finally, figures similar to Figs. 3 (top) and 4 are ob-
tained if 7P and TC are replaced by their planar projection and if
no side wind is present. In that event, g, = 0(n = N1, ..., N2),
N2),60 =0,and 6 = 0.

Discussion

A few points associated with the new algorithm deserve elabora-
tion.

1) The left-hand side of Eq. (24) was used as D in Eq. (33). By
the same token, any of the left-hand sides of Egs. (19-21), (24), and
(25) can play the role of D. ~

2) Disconnection of the cable from P starting, say at t = ¢, can
be incorporated in the simulation. Then the constraints [Eqgs. )]
are removed, and Egs. (20) and (21) are solved for G, and g o with
F, = F, = 0. These, replacing Eqs. (27-30), together with D in
Eq. (33), which is now defined as the left-hand side of Eq. (19), are
implemented in the simulationcode.

3) Disconnection of the cable from C starting, say at t = fg,
can be incorporated in the simulation. This can be achieved if, for
t > t4, L is allowed to increase indefinitely with T = 0.

4) The lengths of the links can be chosen at will, so that shorter
links can be used to capture regions of small radii of curvature.

5) Knowledge of the tension acting in each of the links [see
Eq. (16)] enables the evaluation of the deployment reliability (a
matter of interest when the deployment of an optical fiber is under
investigation).

6) The algorithm can be easily modified so as to take into account
such factors as the elastic properties of the cable, the moments of
inertia of the links, etc. For example, suppose T,,_, and T, are
torquesofelasticcouplesexertedby C,, _, on C,, andby C, onC, . |,
respectively, and that Tn(’ll and T (i =1, 2, 3) are the respective
measure numbersinthen; (i =1, 2, 3) directions. Then Egs. (7) and
(8) are replaced with

AP = Aty 5+ (10, = TP [ Loesé,

A® —T?]/Lyc,és

n—1

h 2
= An—ltn - [Tn—l
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Egs. (10-12) are redefined accordingly,and the rest of the algorithm
remains unaltered. Note that 7" | and 7.’ (i = 1, 2, 3) can be ex-
pressed in terms of the bending rigidity of the cable and of ¢, _,
Gn—15Gn> Gns Gn+1, and g, 1 1. Material damping can be accounted
for similarly.

7) A numerical solution of the constraintequationsin Ref. 6 gives
rise to constraint violation, alleviated with the aid of Baumgarte’s
constraint stabilization procedure. Here, the three-pass procedure,
in conjunction with a Kutta-Merson variable step integrator, does
not give rise to constraint violation even when the number of links
becomes large (172 in the example).

8) A wide range of cable-associatedproblems, involving either a
constantor a variable length cable, can be solved with minor modi-
fications of the present algorithm. For example, one can disconnect
P from the cable (see comment 2) and attribute inertial properties
to Cy, (see comment 6). One then obtains cable deployment from
C only, with a rigid body attached to the cable at Py, _;. One can,
furthermore, abandon the assumption that v¢ is prescribed and, al-
ternatively, obtain v¢, solving 12 differential equations governing
an unconstrained motion of C, while C is subjectto a force T at C.
Finally, one can let T be a control force, designed to optimize the
deployment process.

Results of the implementation of comments 2 and 3 are illustrated
inFigs.6and 7, wheret; =1z = 3. The cableis sweptaway while P
and C carry on with their missions, which, under the specified wind
conditions,bear no risk of interferenceof P and C with the floating
cable. The tensionat C dropsto zero att = 3 s, as might be expected.

Conclusion

A new algorithm is presented, underlying the simulation of the
deployment of a cable from two independently moving platforms.
It differs from earlier works in that it regards the cable as a dynam-
ical system consisting of a time-dependent number of links, sub-
ject to a deployment-monitoring sequence of constraints removal
and imposition; it introduces a novel, three-pass procedure for the
identification of constraint forces and of second time derivatives of
integration variables;and it can be modified easily so as to deal with
a wide range of systems of the type in question.

Appendix: Kinematic Relationships for Py,

Point term Py, moves along TP, and if x, y, and z are the coor-
dinates of Py, in n, then, in view of Egs. (16),

< _ . Pn2 o __ .. Pn2 s __ . Pn2
X=v 7, y=v", =1, (Al)

DJERASSI AND BAMBERGER

. Pn2
v tan6

2o & (A2)

x oy co

. Py>

LA

—_—— =t A3

P ang (A3)
v = v (n, + tan6 /cpn, + tan gns) (A4)

[see Egs. (59) and (60)]. Moreover, tan = (dy/dx)cg and tan ¢ =
dz/dx, so that

6 = c20cp(y” — y’z”S(pC(p)le’V2 (A5)
Q= cz(pz”vle2 (A6)
Noting that w, the angular velocity of a reference frame fixed to n,,
n,,andn,y,, is given by
w = —spfn, — ¢n, + cpbn, (A7)
one has, using Egs. (A4), (A7), and (23),
d(vPN2 “np)

Py Pn2

” =a™ -n, +v" - wxn,
=a ‘n,— vlezé/céap (A8)
d(v™ -n
p2
—( )=aPN2~n,,2+vPN2~wxnpz
dr
Pno -
=a™ n,—vV¢/cp (A9)
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